
Ask seic sta Analogistik� Majhmatik�,

Mèroc II

Akadhmaðkì 'Etoc 2009-2010

Tm ma Statistik c kai Asfalistik c Epist mhc

Panepist mio Peirai¸c



2

1. 'Askhsh

SÔnjeth Diwnumik 

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna ètoc kai

eÐnai anex�rthth apì tic tuqaÐec metablhtècX1, X2, · · ·XN . JewroÔme epÐshc

ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia katanemhmènec suneqeÐc tu-

qaÐec metablhtèc, me mèsh tim  E(X), diaspor� V ar(X), kai ropogenn tria

MX(t). Gia thn tuqaÐa metablht  N dÐnetai ìti akoloujeÐ thn Diwnumik  ka-

tanom . Na upologisteÐ gia thn sunolik  zhmi� S, h mèsh tim , h diakÔmans 

thc, h ropogenn tri� thc kai h pijanogenn tri� thc.

LÔsh

'Estw h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

DÐnetai ìti

N ∼ Binomial(n, p)

�ra

E(N) = n · p

V ar(N) = n · p · q

kai

MN(t) =
(
q + p · et

)n
PN(t) = (q + p · t)n
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'Ara gia th sÔnjeth diwnumik  kai th mèsh tim  thc S ja eÐnai

E [S] = E [N ] · E [X] = n · p · E [X] .

AntÐstoiqa gia th diaspor� ja èqoume

V ar [S] = V ar [X] · E [N ] + E2 [X] · V ar [N ] =

= n · p ·
(
E
[
X2
]
− E2 [X]

)
+ n · p · q · E2 [X]

= n · p
(
E
[
X2
]
− pE2 [X]

)
H ropogenn tria thc S ja upologisteÐ apì to gnwstì tÔpo kai ja eÐnai

MS(t) = E[etS] = PN(MX(t)) = (q + p ·MX(t))n

AntÐstoiqa h pijanogenn tria thc S ja eÐnai

PS(t) = E[tS] = PN(PX(t)) = (q + p · PX(t))n
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2. 'Askhsh

SÔnjeth Arnhtik  Diwnumik 

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna ètoc kai

eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN . JewroÔme epÐ-

shc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia katanemhmènec suneqeÐc

tuqaÐec metablhtèc, me mèsh tim  E(X), diaspor� V ar(X), kai ropogenn -

tria MX(t). Gia thn tuqaÐa metablht  N dÐnetai ìti akoloujeÐ thn Arnhtik 

Diwnumik  katanom . Na upologisteÐ gia thn sunolik  zhmi� S, h mèsh tim ,

h diakÔmans  thc, h ropogenn tri� thc kai h pijanogenn tri� thc.

LÔsh

'Estw h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

DÐnetai ìti

N ∼ NegativeBinomial(r, p)

kai

P (N = n) =

(
r + n− 1

n

)
· pr · qn, n = 0, 1, · · ·

E(N) = r · q
p

V ar(N) = r · q
p2

kai

MN(t) =

[
p

1− q · et

]r
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PN(t) =

[
p

1− q · t

]r
'Ara gia th sÔnjeth arnhtik  diwnumik  kai th mèsh tim  thc S ja eÐnai

E [S] = E [N ] · E [X] = r · q
p
· E [X] .

AntÐstoiqa gia th diaspor� ja èqoume

V ar [S] = V ar [X] · E [N ] + E2 [X] · V ar [N ] =

= r · q
p
·
(
E
[
X2
]
− E2 [X]

)
+ r · q

p2
· E2 [X]

= r · q
p
E
[
X2
]
+ r · q

2

p2
E2 [X]

H ropogenn tria thc S ja upologisteÐ apì to gnwstì tÔpo kai ja eÐnai

MS(t) = E[etS] = PN(MX(t)) =

[
p

1− q ·MX(t)

]r
AntÐstoiqa h pijanogenn tria thc S ja eÐnai

PS(t) = E[tS] = PN(PX(t)) =

[
p

1− q · PX(t)

]r
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3. 'Askhsh

SÔnjeth Poisson

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna ètoc kai

eÐnai anex�rthth apì tic tuqaÐec metablhtècX1, X2, · · ·XN . JewroÔme epÐshc

ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia katanemhmènec diakritèc

tuqaÐec metablhtèc, me mèsh tim  E(X), diaspor� V ar(X), kai ropogenn tria

MX(t). JewroÔme ìti oi Xi lamb�noun m timèc, oi opoÐec sumbolÐzontai wc

x1, x2, · · · , xm

kai antÐstoiqa to pl joc twn zhmi¸n ìpou h zhmi� eÐnai Ôyouc xi ja sumbo-

lÐzetai me

N1, N2, · · · , Nm

kai ta N1, N2, · · · , Nm eÐnai anex�rthta. Na apodeÐxete ìti h tuqaÐa metablh-

t  S

S = X1 +X2 + · · ·+XN

eÐnai Ðsh kai isìnomh me thn

S = x1 ·N1 + x2 ·N2 + · · ·+ xm ·Nm.

LÔsh

Ja deÐxoume thn isonomÐa twn dÔo ekfr�sewn mèsw twn ropogennhtri¸n touc.

'Estw h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .
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DÐnetai ìti

N ∼ Poisson(λ)

�ra gia thn S ja èqoume ìti

S ∼ CompoundPoisson(λ, fX)

kai h ropogenn tria thc ja eÐnai Ðsh me

MS(t) = E[etS] = PN(MX(t)) = eλ(MX(t)−1)

'Estw epÐshc h tuqaÐa metablht  S

S = x1 ·N1 + x2 ·N2 + · · ·+ xm ·Nm.

H ropogenn tria thc S upologÐzetai wc

MS(t) = E[etS] =

E
[
et·[x1·N1+x2·N2+···+xm·Nm]

]
= E

[
etx1N1

]
· · ·E

[
etxmNm

]
= E

[
e(tx1)N1

]
· · ·E

[
e(txm)Nm

]
= MN1 [tx1] · · ·MNm [txm]

IsqÔei ìmwc ìti

Ni ∼ Poisson(λi = λ · P (X = Xi) = λ · Pi)
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sunep¸c

MNi
[t] = eλi(e

t−1)

kai �ra

MNi
[t · xi] = eλi(e

t·xi−1)

kai

MS(t) = MN1 [tx1] · · ·MNm [txm] =

= eλ1(et·x1−1) · · · eλm(et·xm−1) =

= eλ·P1(et·x1−1) · · · eλ·Pm(et·xm−1) =

= e[λ·P1(et·x1−1)+···+λ·Pm(et·xm−1)]=

= eλ·[P1(et·x1−1)+···+Pm(et·xm−1)]=

= eλ·[P1et·x1−P1+···+Pmet·xm−Pm]=

= eλ·[(P1et·x1+···+Pmet·xm )−(P1+···+Pm)]=

= eλ·(MX(t)−1)

Sunep¸c kaj¸c oi ropogenn triec prosdiorÐzoun monos manta thn katanom 

twn dÔo tuqaÐwn metablht¸n, h isìthta twn ropogennhtri¸n sunep�getai thn

isonomÐa twn dÔo tuqaÐwn metablht¸n.
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4. 'Askhsh

SÔnjeth Poisson

'Estw ta Ôyh zhmi¸n

x1 = −2, x2 = 1, x3 = 3

kai ta pl jh aut¸n twn zhmi¸n

N1, N2, N3,

ìpou ta N1, N2, N3 eÐnai anex�rthta kai dÐnetai ìti

Ni ∼ Poisson(λi = i2).

Na upologÐsete thn katanom  thc tuqaÐac metablht c

S = −2 ·N1 + 1 ·N2 + 3 ·Nm

LÔsh

Me b�sh to prohgoÔmeno je¸rhma èqoume ìti h tuqaÐa metablht  S

S = x1 ·N1 + x2 ·N2 + · · ·+ xm ·Nm

ìpou m = 3 eÐnai Ðsh kai isìnomh me thn

S = X1 +X2 + · · ·+XN .

ìpou

N = N1 +N2 +N3.

Epiplèon h

N ∼ Poisson(λ)

ìpou

λ = λ1 + λ2 + λ3 = 1 + 22 + 32 = 14,
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�ra gia thn S ja èqoume ìti

S ∼ CompoundPoisson(14, fX(x))

kai gia thn fX ja eÐnai

fX(−2) = P (X = −2) =
λ1

λ
=

1

14

fX(1) = P (X = 1) =
λ2

λ
=

4

14

fX(3) = P (X = 3) =
λ3

λ
=

9

14

Dhlad 

x -2 1 3

P (X = x) 1
14

4
14

9
14
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5. 'Askhsh

SÔnjesh DÔo SÔnjetwn Poisson

'Estw ìti

S1 ∼ CompoundPoisson(λ1 = 2, f1(x))

x 1 2 3

f1(x) 0.2 0.6 0.2

kai

S2 ∼ CompoundPoisson(λ2 = 6, f2(x))

x 3 4

f2(x) 0.5 0.5

en¸ oi S1, S2 eÐnai anex�rthtec tuqaÐec metablhtèc. Na upologisjeÐ h kata-

nom  thc

S = S1 + S2

LÔsh

Gia thn tuqaÐa metablht  S

S = S1 + S2

isqÔei ìti

S ∼ CompoundPoisson(λ, fX(x))

ìpou

λ = λ1 + λ2 = 8,

kai gia thn fX(x) ja eÐnai

fX(x) =
λ1

λ
· f1(x) +

λ2

λ
· f2(x)⇒

fX(x) =
1

4
· f1(x) +

3

4
· f2(x).
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Sunep¸c

fX(1) =
1

4
· f1(1) +

3

4
· f2(1)⇒

fX(1) =
1

4
· 0.2 +

3

4
· 0 = 0.05

fX(2) =
1

4
· f1(2) +

3

4
· f2(2)⇒

fX(2) =
1

4
· 0.6 +

3

4
· 0 = 0.15

fX(3) =
1

4
· f1(3) +

3

4
· f2(3)⇒

fX(3) =
1

4
· 0.2 +

3

4
· 0.5 = 0.425

fX(4) =
1

4
· f1(4) +

3

4
· f2(4)⇒

fX(4) =
1

4
· 0 +

3

4
· 0.5 = 0.375

Dhlad 

x 1 2 3 4

P(X=x) 0.05 0.15 0.425 0.375
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6. 'Askhsh

Atomikì Prìtupo

JewroÔme mÐa prìskairh asf�lish zw c lìgw jan�tou tètoia ¸ste

Kl�sh k Arijmìc Asfalismènwn nk Asfalismèno Kef�laio bk

1 8000 1

2 3500 2

3 2500 3

4 1500 5

5 500 10

H pijanìthta apaÐthshc gia k�je èna apì touc asfalismènouc eÐnai 2%. Oi

kÐndunoi eÐnai anex�rthtoi metaxÔ touc. H etaireÐa antasfalÐzetai me ìrio

Ðdiac kr�thshc d = 2 nomismatikèc mon�dec. H antasf�lish kostÐzei 0.025

nomismatikèc mon�dec gia k�je nomismatik  mon�da pou kalÔptei. Na upo-

logisteÐ h pijanìthta ìti oi apozhmi¸seic pou ja katab�llei h asfalistik 

etaireÐa sun to kìstoc antasf�lishc ja uperbaÐnoun tic 855 nomismatikèc

mon�dec.

LÔsh

Efarmìzontac ìrio Ðdiac kr�thshc d = 2 nomismatikèc mon�dec ja èqoume ìti

oi apozhmi¸seic pou ja katab�llei h asfalistik  etaireÐa ja dÐnontai apì ton

parak�tw pÐnaka:

Kl�sh k Arijmìc Asfalismènwn nk Asfalismèno Kef�laio bk

1 8000 1

2 3500 2

3 2500 2

4 1500 2

5 500 2

EÐnai safèc ìti o parap�nw pÐnakac gr�fetai se sunoptik  morf  wc
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Kl�sh k Arijmìc Asfalismènwn nk Asfalismèno Kef�laio bk

1 8000 1

2 8000 2

To sunolikì kef�laio gia to opoÐo antasfalÐzetai h asfalistik  etaireÐa

ja eÐnai Ðso me

2500 · (3− 2) + 1500 · (5− 2) + 500 · (10− 2) = 11000.

Sunep¸c to kìstoc antasf�lishc ja eÐnai Ðso me

11000 · 0.025 = 275

Ja qrhsimopoi soume thn prosèggish thc S apì mÐa tuqaÐa metablht  pou

akoloujeÐ thn kanonik  katanom . Gia to lìgo autì ja prèpei na upologÐ-

soume th mèsh tim  kai th diaspor� thc S. 'Estw Ij h deÐktria metablht 

pou lamb�nei thn tim  1, an dhmiourghjeÐ apaÐthsh apì ton j asfalismèno

kai thn tim  0, an den dhmiourghjeÐ apaÐthsh apì ton j asfalismèno. EÐnai

profanèc ìti

E[Ij] = 1 · P (Ij = 1) + 0 · P (Ij = 0) = P (Ij = 1) = qj = 0.02

kai

S =
16000∑
j=1

Ijbj

E[S] = E

[
16000∑
j=1

Ij · bj

]
=

=
16000∑
j=1

E [Ij] · bj =
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=
16000∑
j=1

qj · bj =

=
2∑

k=1

nk · qk · bk =

= 8000 · 1 · 0.02 + 8000 · 2 · 0.02 = 160 + 320 = 480

AntÐstoiqa gia th diaspor� ja èqoume:

V ar[S] =
16000∑
j=1

V ar(Xj) =

=
16000∑
j=1

V ar(Ij · bj) =

=
16000∑
j=1

b2j · V ar(Ij) =

=
16000∑
j=1

b2j · qj · (1− qj) =

= 8000 · 12 · 0.02 · 0.98 + 8000 · 22 · 0.02 · 0.98 = 156.8 + 627.2 = 784

'Ara ja eÐnai gia thn pijanìthta ìti oi apozhmi¸seic S pou ja katab�llei h

asfalistik  etaireÐa sun to kìstoc antasf�lishc (Premium) ja uperbaÐnoun

tic 855 nomismatikèc mon�dec.

P (S + Premium > 825) = P (S > 825− 275) = P (S > 550) =

= P (Z >
550− 480√

784
= P (Z > 2.5) = 0.062
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7. 'Askhsh

Mia asfalistik  etairÐa zw c asfalÐzei mia om�da atìmwn me èna prìgramma

�meshc prìskairhc asf�lishc jan�tou. DÐnetai ìti:

Kl�sh (k) 'Uyoc ApaÐthshc (bk) Arijmìc Asfalismènwn (nk) Pijanìthta ApaÐthshc (qk)

1 3 400 0.025

2 4 500 0.025

3 3 500 0.020

4 5 400 0.020

5 4 200 0.100

• an h tuqaÐa metablht  S parist� tic sunolikèc apozhmi¸seic twn di-

kaioÔqwn tou asfalistikoÔ progr�mmatoc na brejoÔn oi anamenìmenec

sunolikèc apozhmi¸seic kaj¸c kai h tupik  touc apìklish.

• an h asfalistik  etairÐa jèsei èna ìrio idÐac kr�thshc Ðso me 4 nomisma-

tikèc mon�dec gia k�je asfalismèno na brejeÐ to sunolikì asf�listro

G ètsi ¸ste Pr(S > G) = 0.05

LÔsh

Ja qrhsimopoihjeÐ to atomikì prìtupo kaj¸c o arijmìc twn asfalismènwn

n eÐnai dedomènoc kai exet�zetai h perÐptwsh asf�lishc zw c. IsqÔei ìti

S = X1 +X2 + ...+Xn

 

S = X1 +X2 + ...+X2000

kaj¸c n = 2000. Epiplèon gnwrÐzoume ìti

E(S) =
n∑
j=1

bjqj =
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=
5∑

k=1

nkbkqk = 230

V ar(S) =
n∑
j=1

b2jqj(1− qj) =

=
5∑

k=1

nkb
2
kqk(1− qk) = 855

Sto deÔtero er¸thma èqoume thn efarmog  antasf�lishc me ìrio Ðdiac

kr�thshc d = 4 nomismatikèc mon�dec. ZhteÐtai to asf�listro G ètsi ¸ste

Pr(S > G) = 0.05

Pr

{
S − E(S)√
V ar(S)

>
G− E(S)√
V ar(S)

}
= 0.05

Sunep¸c

Pr

{
Z >

G− E(S)√
V ar(S)

}
= 0.05,

ìpou Z ∼ N(0, 1). Dhlad 

Pr(Z > Z0.05) = 0.05

G− E(S)√
V ar(S)

= Z0.05 ⇒ G = E(S) + Z0.05

√
V ar(S)

kai

E(S) =
n∑
j=1

bjqj =

=
5∑

k=1

nkbkqk = 222.
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V ar(S) =
n∑
j=1

b2jqj(1− qj) =

=
5∑

k=1

nkb
2
kqk(1− qk) = 784.
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8. 'Askhsh

H pijanìthta purkagi�c se k�je èna apì ta 240 ktÐsmata eÐnai 50%. To

Ôyoc thc zhmi�c an ekdhlwjeÐ purkagi� eÐnai omoiìmorfa katanemhmèno sto

di�sthma (0, c) , c > 0. An oi sunolikèc zhmièc eÐnai S na brejeÐ to di�sthma

(µs − 3σs, µs + 3σs).

LÔsh

GnwrÐzoume ìti gia th deÐktria tuqaÐa metablht  thc emf�nishc   ìqi tou

asfalismènou kindÔnou, ìti eÐnai gia to k�je j ktÐsma:

Ij =

{
1, an sumbeÐ purkagi� sto j ktÐsma

0, an den sumbeÐ purkagi� sto j ktÐsma

EpÐshc gia to Ôyoc thc apaÐthshc dedomènou ìti ja sumbeÐ h apaÐthsh

eÐnai

Bj|Ij = 1 ∼ U(0, c)

'Ara gia tic sunolikèc zhmièc ja eÐnai

S =
n∑
j=1

IjBj,

ìpou n = 240. Sunep¸c

E [S] =
n∑
j=1

qjµj,

EpÐshc

µj = E (Bj|Ij = 1) =
c

2

σ2
j =

c2

12

qj = Pr(Ij = 1) =
1

2

ìpou qj h pijanìthta Ôparxhc apaÐthshc, dhlad  h pijanìthta na sumbeÐ pur-
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kagi�. Sunep¸c

µs = E (S) =
n∑
j=1

qjµj = n
1

2

c

2
=
nc

4

kai gia n = 240 èqoume µs = 60c

σ2 = V ar(S) =
n∑
j=1

qjσ
2
j +

n∑
j=1

µ2
jqj(1− qj)

= n
1

2

c2

12
+ n

c2

4

1

2

1

2
=
nc2

24
+
nc2

16
= 25c2.

Sunep¸c ja eÐnai (µs − 3σs, µs + 3σs) = (45c, 75c).


