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1. 'Askhsh

Pijanogenn tria thc t. m. N ∼ Bernoulli

Na deÐxete ìti an N tuqaÐa metablht  pou akoloujeÐ thn katanom 

Bernoulli tìte h pijanogenn tria sun�rthsh dÐnetai apì th sqèsh:

PN(z) = q + zp

LÔsh

'Eqoume ìti an h tuqaÐa metablht  N akoloujeÐ thn katanom  Bernoulli

tìte paÐrnei thn tim  1 me pijanìthta p kai 0 me pijanìthta q = 1− p.
H pijanogenn tria sun�rthsh dÐnetai apì th sqèsh:

PN(z) = E[zN ] = z0 · q + z1 · p = q + zp.

2. 'Askhsh

Pijanogenn tria thc t. m. N ∼ Diwnumik  Katanom 

Na deÐxete ìti an N tuqaÐa metablht  pou akoloujeÐ thn Diwnumik 

katanom  me paramètrouc n, p tìte h pijanogenn tria sun�rthsh dÐnetai

apì th sqèsh:

PN(z) = (q + zp)n

LÔsh

'Eqoume ìti an h tuqaÐa metablht  N akoloujeÐ thn Diwnumik  kata-

nom  me paramètrouc n, p tìte

P (N = j) =

(
n

j

)
· pj · qn−j

H pijanogenn tria sun�rthsh dÐnetai apì th sqèsh:

PN(z) = E[zN ] =
n∑
j=0

P (N = j) · zj =
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=
n∑
j=0

(
n

j

)
· pj · qn−j · zj =

=
n∑
j=0

(
n

j

)
· (zp)j · qn−j = (q + zp)n

ìpou h teleutaÐa sqèsh prokÔptei apì to di¸numo tou NeÔtwna

n∑
j=0

(
n

j

)
· αj · βn−j = (α + β)n.

3. 'Askhsh

Pijanogenn tria thc t. m. N ∼ Katanom  Poisson

Na deÐxete ìti an N tuqaÐa metablht  pou akoloujeÐ thn katanom 

Poisson me par�metro λ, tìte h pijanogenn tria sun�rthsh dÐnetai apì

th sqèsh:

PN(z) = e−λ(1−z)

LÔsh

'Eqoume ìti an h tuqaÐa metablht  N akoloujeÐ thn katanom  Poisson

me par�metro λ,tìte

P (N = j) =
e−λ · λj

j!

H pijanogenn tria sun�rthsh dÐnetai apì th sqèsh:

PN(z) = E[zN ] =
n∑
j=0

P (N = j) · zj =

=
∞∑
j=0

e−λ · λj

j!
· zj =
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= e−λ
∞∑
j=0

(λ · z)j

j!
=

= e−λeλz = e−λ(1−z).

4. 'Askhsh

Pijanogenn tria thc t. m. N ∼ Gewmetrik  Katanom 

Na deÐxete ìti an N tuqaÐa metablht  pou akoloujeÐ thn Gewmetrik 

katanom  me par�metro p tìte h pijanogenn tria sun�rthsh dÐnetai apì

th sqèsh:

PN(z) =
pz

1− qz
LÔsh

'Eqoume ìti an h tuqaÐa metablht  N akoloujeÐ thn Gewmetrik  kata-

nom  me par�metro p tìte

P (N = j) = p · qj−1

H pijanogenn tria sun�rthsh dÐnetai apì th sqèsh:

PN(z) = E[zN ] =
∞∑
j=1

P (N = j) · zj =

=
∞∑
j=1

p · qj−1 · zj =

= z · p+ z2 · p · q + z3 · p · q2 + · · · =

=
pz

1− qz

5. 'Askhsh

KatioÔsa Paragontik  Rop  T�xewc k thc t. m. N ∼ Kata-

nom  Poisson

Na deÐxete ìti an N tuqaÐa metablht  pou akoloujeÐ thn katanom 
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Poisson me par�metro λ, tìte h katioÔsa paragontik  rop  t�xewc k

thc t. m. N eÐnai Ðsh me λk.

LÔsh

'Eqoume ìti an h tuqaÐa metablht  N akoloujeÐ thn katanom  Poisson

me par�metro λ,tìte

P (N = n) =
e−λ · λn

n!

H katioÔsa paragontik  rop  t�xewc k thc t. m. N eÐnai:

E[N · (N − 1) · · · (N − k + 1)] =

=
∞∑
n=0

P (N = n) · [n · (n− 1) · · · (n− k + 1)] =

=
∞∑
n=k

P (N = n) · [n · (n− 1) · · · (n− k + 1)] =

=
∞∑
n=k

e−λ · λn

n!
[n · (n− 1) · · · (n− k + 1)] =

=
∞∑
n=k

e−λ · λn

(n− k)!
=

= e−λλk
∞∑
n=k

λn−k

(n− k)!
=

= λk

H efarmog  thc parap�nw sqèshc gia k = 1, 2, 3 mac dÐnei

E[N ] = λ

E[N(N − 1)] = λ2
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E[N(N − 1)(N − 2)] = λ3.

6. 'Askhsh

Sqèsh Ropogenn triac - Pijanogenn triac

Na deÐxete ìti isqÔei:

PX(z) = MX(lnz)

LÔsh

'Eqoume ìti

MX(z) = E[ezX ]

sunep¸c

MX(lnz) = E[elnz·X ] = E[[elnz]X ] = E[zX ] = PX(z).

7. 'Askhsh

Sqèsh Ropogenn triac - MetasqhmatismoÔ Laplace

IsqÔei ìti

LX(z) = MX(−z)

LÔsh

'Eqoume ìti

MX(z) = E[ezX ]

kai

LX(z) = E[e−zX ]

sunep¸c

MX(−z) = E[e(−z)X ] = E[e−zX ] = LX(z).
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8. 'Askhsh

'Estw X kai Y anex�rthtec tuqaÐec metablhtèc. Na deÐxete ìti gia to

metasqhmatismì Laplace thc X + Y isqÔei ìti:

LX+Y (z) = LX(z) · LY (z).

LÔsh

Pr�gmati

LX+Y (z) = E[e−z(X+Y )] = E[e−zX ·e−zY ] = E[e−zX ]·E[e−zY ] = LX(z)·LY (z).

9. 'Askhsh

'Estw X1, X2, · · · , Xn anex�rthtec tuqaÐec metablhtèc. Na deÐxete ìti

gia thn tuqaÐa metablht 

Y =
n∑
i=1

Xi

isqÔei ìti èqei metasqhmatismì Laplace :

LY (z) =
n∏
i=1

LXi(z).

LÔsh

Pr�gmati

LY (z) = E[e−zY ] = E[e−z(X1+X2+···+Xn)] =

= E[e−zX1 ] · E[e−zX2 ] · · ·E[e−zXn ] =

= LX1(z) · · ·LXn(z) =
n∏
i=1

LXi(z).
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10. 'Askhsh

'Estw X1, X2, · · · , Xn anex�rthtec tuqaÐec metablhtèc. Na deÐxete ìti

gia thn tuqaÐa metablht 

Y =
n∑
i=1

Xi

isqÔei ìti èqei ropogenn tria:

MY (z) =
n∏
i=1

MXi(z).

LÔsh

Pr�gmati

MY (z) = E[ezY ] = E[ez(X1+X2+···+Xn)] =

= E[ezX1 ] · E[ezX2 ] · · ·E[ezXn ] =

= MX1(z) · · ·MXn(z) =
n∏
i=1

MXi(z).

11. 'Askhsh

'Estw X1, X2, · · · , Xn anex�rthtec tuqaÐec metablhtèc. Na deÐxete ìti

gia thn tuqaÐa metablht 

Y =
n∑
i=1

Xi

isqÔei ìti èqei pijanogenn tria:

PY (z) =
n∏
i=1

PXi(z).
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LÔsh

Pr�gmati

PY (z) = E[zY ] = E[z(X1+X2+···+Xn)] =

= E[zX1 ] · E[zX2 ] · · ·E[zXn ] =

= PX1(z) · · ·PXn(z) =
n∏
i=1

PXi(z).

12. 'Askhsh

AjroÐsmata TuqaÐwn Metablht¸n - Qr sh SunelÐxewn

Na orÐsete thn sunèlixh dÔo   perissìterwn tuqaÐwn metablht¸n.

LÔsh

'Estw X kai Y anex�rthtec tuqaÐec metablhtèc. H katanom  tou tu-

qaÐou ajroÐsmatoc S = X + Y sumbolÐzetai wc

FS(s) = FX ∗ FY (s)

kai kaleÐtai h sunèlixh twn X kai Y . H sun�rthsh katanom c thc S

upologÐzetai wc

FS(s) = P (S ≤ s)

=

∫
P (S ≤ s|Y = y)dFY (y)

=

∫
P (X ≤ s− y|Y = y)dFY (y)

=

∫
FX|Y (s− y)|y)dFY (y)
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=

∫
FX(s− y)dFY (y)

Sunep¸c h sun�rthsh katanom c thc S ja upologÐzetai wc:

FS(s) = FX ∗ FY (s) =

∫
FX(s− y)dFY (y)

H antÐstoiqh sun�rthsh puknìthtac pijanìthtac thc S upologÐzetai

wc:

fS(s) = fX ∗ fY (s) =

∫
fX(s− y)dFY (y)

An kai h X kai h Y eÐnai suneqeÐc tuqaÐec metablhtèc ja èqoume para-

gwgÐzontac wc proc s ìti:

fS(s) = fX ∗ fY (s) =

∫
fX(s− y)fY (y))dy

An kai h X kai h Y eÐnai diakritèc tuqaÐec metablhtèc ja èqoume ìti:

fS(s) = fX ∗ fY (s) =
∑
y

fX(s− y))fY (y))

Efìson o telest c ∗ prèpei na èqei tic Ðdiec idiìthtec me ton telest  +

ja prèpei na isqÔei ìti

fX ∗ fY = fY ∗ fX

kai

fX ∗ (fY ∗ fZ) = (fX ∗ fY ) ∗ fZ

pou shmaÐnei ìti ta apotelèsmata den exart¸ntai apì th seir� me thn

opoÐa oi sunelÐxeic upologÐzontai.
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Gia thn polumetablht  perÐptwsh

S = X1 +X2 + · · ·+Xn

h katanom  tou ajroÐsmatoc mporeÐ na upologisteÐ efarmìzontac tic

sunelÐxeic diadoqik� stic metablhtèc upì opoiad pote seir�. Sunep¸c

arqÐzontac, q�rin aplìthtac, me thn S1 = X1 proqwroÔme diadoqik� me

thn

Sj = Sj−1 +Xj

gia j = 2, 3, · · · , n mèqri thn katanom  tou S = Sn, ìpou ja èqoume:

FS(s) = FX1FX1 ∗ · · ·FXn(s)

kai

fS(s) = fX1fX1 ∗ · · · fXn(s)

An oi X1, X2, · · · eÐnai anex�rthtec kai ìmoia katanemhmènec tuqaÐec

metablhtèc me sun�rthsh katanom c FX(x) kai sun�rthsh puknìthtac

pijanìthtac fX(x) tìte

FS(s) = F ∗nX (s)

kai

fS(s) = f ∗nX (s)

ìpou o ekjèthc ∗n dhl¸nei th n−iost  t�xewc sunèlixh thc X.

13. 'Askhsh

E(S) kai V (S) sto Montèlo SullogikoÔ KindÔnou

Na upologÐsete thn E(S) kai thn V (S) k�tw apì to montèlo sullogi-

koÔ kindÔnou.

LÔsh
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'Estw èna qartoful�kio kindÔnwn kai èstw epÐshc h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

H tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn kai eÐnai ane-

x�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN . JewroÔme epÐshc

ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia katanemhmènec tuqaÐ-

ec metablhtèc. H tuqaÐa metablht  S dhl¸nei to sunolikì Ôyoc twn

zhmi¸n tou qartofulakÐou. Parathr ste ìti gia N = 0 eÐnai profanèc

ìti S = 0. To pleonèkthma tou sullogikoÔ montèlou eÐnai ìti eÐnai

apotelesmatikì upologistik� kai epÐshc eÐnai kai realistikì.

Gia thn tuqaÐa metablht  tou sunolikoÔ Ôyouc zhmi¸n (tuqaÐa kai wc

proc to Ôyoc twn zhmi¸n kai wc proc ton arijmì aut¸n) ja èqoume

S = X1 +X2 + · · ·+XN .

Ja upologÐsoume pr¸ta thn mèsh tim  thc S.

E[S] = E[E[S|N ]] =

=
∞∑
n=0

E[(X1 +X2 + · · ·+XN)|N = n] · P (N = n) =

=
∞∑
n=0

E[(X1 +X2 + · · ·+Xn)] · P (N = n) =

=
∞∑
n=0

nE[X]P (N = n) =

= E[N ] · E[X]
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Sth sunèqeia ja upologÐsoume thn diaspor� thc tuqaÐac metablht c S.

V ar[S] = E[V ar[S|N ]] + V ar[E[S|N ]] =

= E[N · V ar[X]] + V ar[N · E[X]] =

= E[N ] · V ar[X] + V ar[N ] · [E[X]]2

14. 'Askhsh

'Estw X1, X2, · · ·XN anex�rthtec kai ìmoia katanemhmènec tuqaÐec me-

tablhtèc me sun�rthsh katanom c FX(x) kai ropogenn tria sun�rthsh

MX(z). 'Estw epÐshc h tuqaÐa metablht  S = X1 +X2 + · · ·+XN ìpou

N tuqaÐa metablht  anex�rthth apì tic X1, X2, · · · . Na upologisteÐ

gia thn tuqaÐa metablht  S h ropogenn tria sun�rthsh MS(z).

LÔsh

Gia th ropogenn tria sun�rthsh MS(z) èqoume :

MS(z) = E[ezS] = E[E[ezS|N ]] =

=
∞∑
n=0

E[ez(X1+X2+···+XN )|N = n]P (N = n) =

=
∞∑
n=0

E[ez(X1+X2+···+Xn)]P (N = n) =

=
∞∑
n=0

[MX(z)]n · P (N = n) =

= E
[[
eln(MX(z))

]n]
= MN [lnMx(z)] = PN [MX(z)]
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15. 'Askhsh

'Estw X1, X2, · · ·XN anex�rthtec kai ìmoia katanemhmènec tuqaÐec me-

tablhtèc me sun�rthsh katanom c FX(x) kai pijanogenn tria sun�rth-

sh PX(z). 'Estw epÐshc h tuqaÐa metablht  S = X1 + X2 + · · · + XN

ìpou N tuqaÐa metablht  anex�rthth apì tic X1, X2, · · · . Na upologi-

steÐ gia thn tuqaÐa metablht  S h h pijanogenn tria sun�rthsh PS(z).

LÔsh

Gia th pijanogenn tria sun�rthsh PS(z) èqoume:

PS(z) = E[zS] = E[E[zS|N ]] =

=
∞∑
n=0

E[z(X1+X2+···+XN )|N = n]P (N = n) =

=
∞∑
n=0

E[z(X1+X2+···+Xn)]P (N = n) =

=
∞∑
n=0

[PX(z)]n · P (N = n) =

= PN [PX(z)]

16. 'Askhsh

'Estw X1, X2, · · ·XN anex�rthtec kai ìmoia katanemhmènec tuqaÐec me-

tablhtèc me sun�rthsh katanom c FX(x) kai metasqhmatismì Laplace

LX(z). 'Estw epÐshc h tuqaÐa metablht  S = X1 +X2 + · · ·+XN ìpou

N tuqaÐa metablht  anex�rthth apì tic X1, X2, · · · . Na upologisteÐ

gia thn tuqaÐa metablht  S o metasqhmatismìc Laplace LS(z).
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LÔsh

Gia to metasqhmatismì Laplace LS(z) èqoume :

LS(z) = E[e−zS] = E[E[e−zS|N ]] =

=
∞∑
n=0

E[e−z(X1+X2+···+XN )|N = n]P (N = n) =

=
∞∑
n=0

E[e−z(X1+X2+···+Xn)]P (N = n) =

=
∞∑
n=0

[LX(z)]n · P (N = n) =

= PN [LX(z)]

Ennalaktik� èqoume deÐxei se prohgoÔmenh �skhsh ìti

LX(z) = MX(−z)

kai epÐshc èqoume deÐxei ìti

MS(z) = MN [lnMx(z)] = PN [MX(z)]

sunep¸c èqoume ìti

LS(z) = MS(−z) = PN [MX(−z)] = PN [LX(z)]
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17. 'Askhsh

SÔnjeth Katanom  Poisson

'Estw X1, X2, · · ·XN anex�rthtec kai ìmoia katanemhmènec tuqaÐec me-

tablhtèc me sun�rthsh katanom c FX(x) kai èstw epÐshc h tuqaÐa me-

tablht  S = X1 +X2 + · · ·+XN ìpou N tuqaÐa metablht  anex�rthth

apì tic X1, X2, · · · . DÐnetai ìti h t. m. N ∼ Katanom  Poisson(λ).

Na upologisteÐ gia thn tuqaÐa metablht  S h mèsh tim , h diaspor�, h

ropogenn tria, h pijanogenn tria kai o metasqhmatismìc Laplace.

LÔsh

An h t. m. N ∼ Katanom  Poisson(λ) tìte ja eÐnai

E(S) = E(N)E(X) = λ · E(X)

kai

V ar[S] = E[N ] · V ar[X] + V ar[N ] · [E[X]]2 =

= λ · V ar[X] + λ · [E[X]]2 =

= λ · E[X2].

EpÐshc gia th ropogenn tria ja èqoume

MS(t) = PN [MX(t)] = eλ[MX(t)−1]

kai gia th pijanogenn tria sun�rthsh ja eÐnai

PS(t) = PN [PX(t)] = eλ[PX(t)−1]

AntÐstoiqa gia to metasqhmatismì Laplace ja eÐnai

LS(t) = MS(−t) = PN [MX(−t)] = eλ[MX(−t)−1]
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18. 'Askhsh

Anadromikìc TÔpoc tou Panjer

Na deÐxete ìti gia thn katanom  Poisson isqÔei o anadromikìc tÔpoc

tou Panjer.

LÔsh

SÔmfwna me ton anadromikì tÔpo tou Panjer, sumbolÐzetai wc R(a, b)

èqoume gia thn t. m. N kai a kai b stajerèc ìti:

P (N = n) = (a+
b

n
)P (N = n− 1)

gia n = 1, 2, · · · . EpÐshc eÐnai gnwstì ìti

P (N = n) =
e−λ · λn

n!

kai

P (N = n− 1) =
e−λ · λn−1

(n− 1)!

Sunep¸c

P (N = n)

P (N = n− 1)
=

e−λ·λn
n!

e−λ·λn−1

(n−1)!

kai �ra
P (N = n)

P (N = n− 1)
=
λ

n

P (N = n) =
λ

n
P (N = n− 1)

P (N = n) = (a+
b

n
)P (N = n− 1)

gia a = 0, b = λ,n = 1, 2, · · · en¸ gia n = 0

P (N = 0) = e−λ
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19. 'Askhsh

AjroÐsmata TuqaÐwn Metablht¸n - Sullogikì Montèlo

Na upologÐsete thn katanom  thc tuqaÐac metablht c

S = X1 +X2 + · · ·+XN .

LÔsh

'Estw èna qartoful�kio kindÔnwn kai èstw epÐshc h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

H tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn (se èna sugke-

krimèno qronikì di�sthma, sun jwc 1 ètoc) kai eÐnai anex�rthth apì tic

tuqaÐec metablhtècX1, X2, · · ·XN . JewroÔme epÐshc ìti oiX1, X2, · · ·XN

eÐnai anex�rthtec kai ìmoia katanemhmènec tuqaÐec metablhtèc. H tu-

qaÐa metablht  S dhl¸nei to sunolikì Ôyoc twn zhmi¸n tou qartofu-

lakÐou. Parathr ste ìti gia N = 0 eÐnai profanèc ìti S = 0. Gia thn

sun�rthsh puknìthtac pijanìthtac thc tuqaÐac metablht c tou sunoli-

koÔ Ôyouc zhmi¸n (tuqaÐa kai wc proc to Ôyoc twn zhmi¸n kai wc proc

ton arijmì aut¸n) ja èqoume

fS(x) =
∞∑
k=0

fS(x|N = k) · P (N = k) =

=
∞∑
k=0

fX1+X2+···+XN (x|N = k) · P (N = k) =

=
∞∑
k=0

fX1+X2+···+Xk(x) · P (N = k) =
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=
∞∑
k=0

f ∗kX (x) · P (N = k) =

=
∞∑
k=0

f ∗kX (x) · Pk.

H parap�nw sqèsh mporeÐ na analujeÐ perissìtero an gnwrÐzoume thn

katanom  tou N kai twn X1, X2, · · ·XN .

20. 'Askhsh

Sun�rthsh Katanom c SÔnjethc Katanom c Poisson

'Estw X1, X2, · · ·XN anex�rthtec kai ìmoia katanemhmènec tuqaÐec me-

tablhtèc me sun�rthsh katanom c FX(x) kai èstw epÐshc h tuqaÐa me-

tablht  S = X1 +X2 + · · ·+XN ìpou N tuqaÐa metablht  anex�rthth

apì tic X1, X2, · · · . DÐnetai ìti h t. m. N ∼ Katanom  Poisson(λ). Na

upologisteÐ gia thn tuqaÐa metablht  S h sun�rthsh katanom c kai h

sun�rthsh puknìthtac thc sÔnjethc katanom c CP(λ, f).

LÔsh

An h t. m. N ∼ Katanom  Poisson(λ) tìte ja eÐnai

P (N = k) =
e−λ · λk

k!
.

Sunep¸c gia th sun�rthsh katanom c ja eÐnai antÐstoiqa

FS(x) =
∞∑
k=0

F ∗kX (x) · Pk =

=
∞∑
k=0

e−λ · λk

k!
· F ∗kX (x)

kai gia th sun�rthsh puknìthtac pijanìthtac thc sÔnjethc katanom c
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Poisson ja eÐnai

fS(x) =
∞∑
k=0

f ∗kX (x) · Pk =

=
∞∑
k=0

e−λ · λk

k!
· f ∗kX (x)

21. 'Askhsh

SÔnjesh SÔnjetwn Katanom¸n Poisson

'Estw S1, S2, · · ·Sn anex�rthtec pou akoloujoÔn sÔnjetec katanomèc

Poisson me paramètrouc λ1, λ2, · · · , λn, kai me sunart seic katanom c

zhmi¸n F1(x), F2(x), · · · , Fn(x). 'Estw epÐshc h tuqaÐa metablht 

S = S1 + S2 + · · ·+ Sn.

Na deÐxete ìti h S eÐnai epÐshc sÔnjeth katanom  Poisson me par�metro

λ = λ1 + λ2 + · · · , λn

kai me sun�rthsh katanom c

FX(x) =
n∑
j=1

λj
λ
Fj(x).

LÔsh

H parap�nw apìdeixh ja gÐnei k�nontac qr sh tou metasqhmatismoÔ

Laplace. Gia to metasqhmatismì Laplace , LSj(z), thc k�je Sj meta-

blht c èqoume :

LSj(z) = E[e−zSj ] = eλj [Lj(z)−1]

ìpou Lj(z) eÐnai o metasqhmatismìc Laplace , pou kajorÐzei monos -
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manta thn Fj(x). GnwrÐzoume ìmwc ìti oi S1, S2, · · ·Sn eÐnai anex�rthtec
tuqaÐec metablhtèc �ra gia to metasqhmatismì Laplace , LS(z), thc S

metablht c ja eÐnai

LS(z) =
n∏
j=1

LSj(z) =

=
n∏
j=1

eλj [Lj(z)−1] =

= e
∑n
j=1 λj [Lj(z)−1] =

= e
∑n
j=1[λjLj(z)−λj ] =

= e
∑n
j=1[λjLj(z)]−λ =

= eλ[
∑n
j=1

λj
λ
Lj(z)−1] =

= eλ[L♦X(z)−1]

ìpou

λ = λ1 + λ2 + · · · , λn =
n∑
j=1

λj

L♦X(z) =
n∑
j=1

λj
λ
Lj(z)

kai sunep¸c

FX(x) =
n∑
j=1

λj
λ
Fj(x).



22

afoÔ o metasqhmatismìc Laplace kajorÐzei monos manta thn katano-

m . To parap�nw sumpèrasma eÐnai arket� shmantikì kaj¸c epitrèpei

to sundiasmì diaforetik¸n qartofulakÐwn Poisson kindÔnwn kai thn me-

taqeÐrish touc sunolik� wc èna eniaÐo qartoful�kioPoisson kindÔnwn.

22. 'Askhsh

Na deÐxete ìti gia thn kl�sh twn katanom¸n pou ikanopoioÔn ton a-

nadromikì tÔpo tou Panjer, èqoume thn akìloujh qr simh sqèsh gia

to metasqhmatismì Laplace thc S, thc X kai twn pr¸twn parag¸gwn

aut¸n.

L′S(z) = aLX(z)L′S(z) + (a+ b)L′X(z)LS(z)

LÔsh

Apì ton anadromikì tÔpo tou Panjer, èqoume :

P (N = n) = (a+
b

n
)P (N = n− 1)

 

Pn = (a+
b

n
)Pn−1

kai sunep¸c

n · Pn = a · (n− 1) · Pn−1 + (a+ b) · Pn−1

Pollaplasi�zoume kai ta dÔo mèlh me ton ìro

[LX(z)]n−1 L′X(z)

paÐrnoume to �jroisma wc proc n, ìpou n = 1, · · · ,∞ kai èqoume:

∞∑
n=1

n·Pn [LX(z)]n−1 L′X(z) =
∞∑
n=1

[a · (n− 1) · Pn−1 + (a+ b) · Pn−1] [LX(z)]n−1 L′X(z)
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A = B + C

ìpou

A =
∞∑
n=1

n · Pn [LX(z)]n−1 L′X(z) =

B = a

∞∑
n=1

(n− 1) · Pn−1 [LX(z)]n−1 L′X(z)

C = (a+ b)
∞∑
n=1

Pn−1 [LX(z)]n−1 L′X(z)

'Eqoume ìmwc dei ìti

fS(x) =
∞∑
k=0

f ∗kX (x) · Pk.

kai

LS(x) =
∞∑
k=0

[LX(x)]k · Pk.

kai sunep¸c

A =
∞∑
n=1

n · Pn [LX(z)]n−1 L′X(z) = L′S(z)

B = a
∞∑
n=1

(n− 1) · Pn−1 [LX(z)]n−1 L′X(z)

= aLX(z)L′S(z)

kai

C = (a+ b)
∞∑
n=1

Pn−1 [LX(z)]n−1 L′X(z)

= (a+ b)L′X(z)LS(z)
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23. 'Askhsh

Na deÐxete ìti gia thn kl�sh twn katanom¸n pou ikanopoioÔn ton a-

nadromikì tÔpo tou Panjer, èqoume thn akìloujh qr simh anadromik 

sqèsh gia thn katanom  thc S, ìpou S = X1 +X2 + · · ·+XN , N tuqaÐa

metablht  anex�rthth apì tic X1, X2, · · · , kai X1, · · · , XN , anex�rth-

thtec isìnomec tuqaÐec metablhtèc

fS(x) =
r∑
j=1

(
a+ b

j

r

)
· fX(j) · fS(r − j).

gia thn perÐptwsh ìpou ta Ôyh zhmi¸n eÐnai mh mhdenikoÐ akèraioi kai

sunep¸c r = 1, 2, · · · .
LÔsh

Gia thn perÐptwsh ìpou ta Ôyh zhmi¸n eÐnai mh mhdenikoÐ akèraioi èqou-

me ìti sunolikì Ôyoc twn zhmi¸n ja eÐnai Ðso me to mhdèn an den sumbeÐ

kammÐa zhmi�. Sunep¸c

fS(0) = P (S = 0) = P (N = 0)

Ac doÔme t¸ra thn katanom  tou S gia timèc austhr� megalÔterec tou

mhdenìc. Gia touc ìrouc tou ajroÐsmatoc

S = X1 +X2 + · · ·+XN

dhlad  gia tic X1, X2, · · ·XN èqoume ìti eÐnai anex�rthtec kai ìmoia

katanemhmènec tuqaÐec metablhtèc. 'Ara an to �jroisma n+ 1 tètoiwn

tuqaÐwn metablht¸n eÐnai Ðso me r ja èqoume

E[X1|Sn+1 = r] =
r

n+ 1

To Ðdio ìmwc ja isqÔei gia k�je mÐa apì autèc, �ra qrhsimopoi¸ntac ton

orismì thc upì sunj kh mèshc tim c, kai ton orismì thc desmeumènhc
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pijanìthtac ja eÐnai

E[X1|Sn+1 = r] = E[Xi|Sn+1 = r] =

=
∑
x

xP (X = x|Sn+1 = r] =

=

∑r
j=1 j · fX(j) · fSn(r − j)

fSn+1(r)

=
r

n+ 1
.

Apì aut  th sqèsh èqoume∑r
j=1 j · fX(j) · fSn(r − j)

fSn+1(r)
=

r

n+ 1
.

kai ∑r
j=1 j · fX(j) · fSn(r − j)

r
=
fSn+1(r)

n+ 1
.

Sunep¸c ja èqoume gia to �jroisma

r∑
j=1

(
a+ b

j

r

)
· fX(j) · fS(r − j) =

=
r∑
j=1

(
a+

bj

r

)
· fX(j) ·

[
∞∑
n=0

fSn(r − j)P (N = n)

]
=

=
r∑
j=1

a · fX(j)

[
∞∑
n=0

fSn(r − j)P (N = n)

]
+

+
r∑
j=1

b
j

r
· fX(j)

[
∞∑
n=0

fSn(r − j)P (N = n)

]
=
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=
r∑
j=1

∞∑
n=0

a · fX(j)fSn(r − j)P (N = n)+

+
r∑
j=1

∞∑
n=0

b
j

r
fX(j)fSn(r − j)P (N = n) =

=
∞∑
n=0

r∑
j=1

a · fX(j)fSn(r − j)P (N = n)+

+
∞∑
n=0

r∑
j=1

b
j

r
fX(j)fSn(r − j)P (N = n) =

=
∞∑
n=0

a · P (N = n)
r∑
j=1

fX(j)fSn(r − j)+

+
∞∑
n=0

P (N = n) · b
r∑
j=1

j

r
fX(j)fSn(r − j) =

=
∞∑
n=0

a · P (N = n)fSn+1(r) +
∞∑
n=0

b · P (N = n)
fSn+1(r)

n+ 1
=

=
∞∑
n=0

(a+
b

n+ 1
) · P (N = n)fSn+1(r)

=
∞∑
n=0

P (N = n+ 1)fSn+1(r)

= fS(r)

24. 'Askhsh

Na upologÐsete ton anadromikì tÔpo gia thn katanom  tou S, ìpou

S = X1 + X2 + · · · + XN , N tuqaÐa metablht  anex�rthth apì tic

X1, X2, · · · , kai X1, · · · , XN , anex�rththtec isìnomec tuqaÐec metablh-
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tèc gia thn perÐptwsh ìpou h t. m. N ∼ katanom  Poisson(λ) kai ta

Ôyh zhmi¸n eÐnai mh mhdenikoÐ akèraioi.

LÔsh

Gia thn perÐptwsh ìpou ta Ôyh zhmi¸n eÐnai mh mhdenikoÐ akèraioi èqou-

me ìti sunolikì Ôyoc twn zhmi¸n ja eÐnai Ðso me to mhdèn an den sumbeÐ

kammÐa zhmi�. Sunep¸c

fS(0) = P (S = 0) = P (N = 0) = e−λ

Ac doÔme t¸ra thn katanom  tou S gia timèc austhr� megalÔterec tou

mhdenìc.

P (S = x) =
x∑
j=1

a+
bj

x
· fX(j)fSn(x− j) =

=
x∑
j=1

λj

x
· fX(j)fSn(x− j) =

=
λ

x

x∑
j=1

j · fX(j)fSn(x− j)

25. 'Askhsh

Asf�listro Anakop c ZhmÐac

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna ètoc

kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN . Jew-

roÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia katane-

mhmènec suneqeÐc tuqaÐec metablhtèc. H tuqaÐa metablht  S dhl¸nei

to sunolikì Ôyoc twn zhmi¸n tou qartofulakÐou. Na upologisteÐ to

asf�listro anakop c zhmÐac, gia ìrio Ðdiac kr�thshc thc asfalistik c

etaireÐac Ðso me d.
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LÔsh

'Estw h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

H asfalistik  etaireÐa ja plhr¸sei sunolik� to posì min(S, d) an

dhlad  to sunolikì Ôyoc zhmi¸n S eÐnai mikrìtero apì d h asfalistik 

etaireÐa ja plhr¸sei h Ðdia to posì S, en¸ an to sunolikì Ôyoc zhmi¸n

S eÐnai megalÔtero apì d h asfalistik  etaireÐa ja plhr¸sei h Ðdia

to posì d kai h antasfalÐstria etaireÐa ja plhr¸sei to posì S − d.
'Ara h antasfalÐstria etaireÐa ja d¸sei apozhmÐwsh Ðsh me (S − d)+.

Sunep¸c to asf�listro anakop c zhmÐac Id ja eÐnai Ðso me thn mèsh

apozhmÐwsh pou ja katab�llei h antasfalÐstria etaireÐa kai ja dÐnetai

apì th sqèsh

Id = E
[
(S − d)+

]
=

=

∫ ∞
0

(x− d)+fS(x)dx =

=

∫ ∞
d

(x− d)+fS(x)dx =

=

∫ ∞
d

(x− d)fS(x)dx =

=

∫ ∞
0

(x− d)fS(x)dx−
∫ d

0

(x− d)fS(x)dx =

=

∫ ∞
0

xfS(x)dx− d
∫ ∞

0

fS(x)dx−
∫ d

0

(x− d)fS(x)dx =

= E[X]− d+

∫ d

0

(x− d)fS(x)dx.
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26. 'Askhsh

Asf�listro Anakop c ZhmÐac Mèsw Grammik c Parembol c

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna ètoc

kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN . Jew-

roÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia katane-

mhmènec suneqeÐc tuqaÐec metablhtèc. H tuqaÐa metablht  S dhl¸nei to

sunolikì Ôyoc twn zhmi¸n tou qartofulakÐou. E�n P (a < S < b) = 0,

kai a ≤ d ≤ b, na deÐxete ìti to asf�listro anakop c zhmÐac, gia ìrio

Ðdiac kr�thshc thc asfalistik c etaireÐac Ðso me d ja dÐnetai apì th

sqèsh

Id = E
[
(S − d)+

]
=
b− d
b− a

E
[
(S − a)+

]
+
d− a
b− a

E
[
(S − b)+

]
LÔsh

Apì thn upìjesh pou dÐnetai èqoume ìti

FS(x) = FS(a)

gia a ≤ x < b. Sunep¸c ja eÐnai

Id = E
[
(S − d)+

]
=

=

∫ ∞
d

[1− FS(x)]dx =

=

∫ ∞
a

[1− FS(x)]dx−
∫ d

a

[1− FS(x)]dx =

=

∫ ∞
a

[1− FS(x)]dx−
∫ d

a

[1− FS(a)]dx =
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= E
[
(S − a)+

]
− (d− a)[1− FS(a)].

Sunep¸c an jèsoume d = b sthn parap�nw sqèsh ja èqoume

E
[
(S − b)+

]
= E

[
(S − a)+

]
− (b− a)[1− FS(a)].

'Ara an lÔsoume wc proc 1− FS(a) èqoume:

1− FS(a) =
E [(S − a)+]− E [(S − b)+]

b− a

kai

Id = E
[
(S − d)+

]
=

= E
[
(S − a)+

]
− (d− a)[1− FS(a)]

= E
[
(S − a)+

]
− (d− a)[

E [(S − a)+]− E [(S − b)+]

b− a
]
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27. 'Askhsh

O arijmìc twn zhmi¸n enìc asfalistikoÔ qartofulakÐou eÐnai tuqaÐa

metablht  pou akoloujeÐ thn katanom  Poisson me par�metro λ kai

to mègejoc thc atomik c zhmi�c eÐnai tuqaÐa metablht  me timèc 1 kai

4 me antÐstoiqec pijanìthtec 0.8 kai 0.2. Na brejeÐ o suntelest c

epib�runshc θ, ètsi ¸ste

P (S ≤ (1 + θ)E(S)) = Φ(
√

(λ)).

LÔsh

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna ètoc

kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN . Jew-

roÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia katane-

mhmènec suneqeÐc tuqaÐec metablhtèc. H tuqaÐa metablht  S dhl¸nei

to sunolikì Ôyoc twn zhmi¸n tou qartofulakÐou.

'Eqoume ìti

P (S ≤ (1 + θ)E(S)) = Φ(
√
λ)⇒

P

(
S − E(S)√
V ar(S)

≤ (1 + θ)E(S)− E(S)√
V ar(S)

)
= Φ(

√
λ)⇒

P

(
Z ≤ θE(S)√

V ar(S)

)
= Φ(

√
λ)⇒

ìpou h Z akoloujeÐ thn tupik  kanonik  katanom .
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'Ara
θE(S)√
V ar(S)

=
√
λ⇒

θ =
√
λ

√
V ar(S)

E(S)

kai

E(S) = λE(X) = λ · 1.6

V ar(S) = λE(X2) = λ · 4

kai sunep¸c

θ =
√
λ

2
√
λ

1.6λ
= 1.25
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28. 'Askhsh

MÐa epiqeÐrhsh sun�ptei me mÐa asfalistik  etaireÐa èna omadikì asfa-

list rio sumbìlaio pou kalÔptei nosokomeiakèc dap�nec gia to et sio

èlegqo thc kat�stashc thc ugeÐac twn upall lwn thc. To nosokomeia-

kì atomikì kìstoc gia ènan up�llhlo pou eisèrqetai sto nosokomeÐo

eÐnai t. m. me sun�rthsh katanom c

FA(x) =
x− 5

6
, 5 ≤ x ≤ 11

an eÐnai �ndrac, en¸ an prìkeitai gia gunaÐka ja eÐnai

FW (x) =
x− 3

6
, 3 ≤ x ≤ 9

To posostì twn upall lwn andr¸n thc epiqeÐrhshc eÐnai 60%. H a-

sfalistik  etaireÐa orÐzei to omadikì asf�listro na eÐnai tètoio ¸ste

h pijanìthta ta sunolik� nosokomeiak� èxoda na mhn uperbaÐnoun ta

asf�listra na eÐnai 0.95. H epiqeÐrhsh gia na èqei mÐa pr¸th ektÐmh-

sh tou asfalÐstrou epilègei tuqaÐa 10 upall louc gia na upoblhjoÔn

se prolhptikì èlegqo. Na upologisteÐ to omadikì asf�listro gia thn

tuqaÐa epilegmènh om�da twn 10 upall lwn.

LÔsh

DÐnetai ìti gia ton arijmì twn andr¸n NA isqÔei ìti

NA ∼ Binomial(10, 0.6) kai NW ∼ Binomial(10, 0.4). An sumbolÐsou-

me me SA ta sunolik� nosokomeiak� èxoda twn andr¸n kai me SW ta

sunolik� nosokomeiak� èxoda twn gunaik¸n ja èqoume ìti

SA = X1 +X2 + · · ·+XNA

SW = X1 +X2 + · · ·+XNW
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kai

S = SA + SW = X1 +X2 + · · ·+XN

Jèloume na upologÐsoume to sunolikì asf�listro P ètsi ¸ste

P (S ≤ P ) = 0.95⇒

P

(
S − E(S)√
V ar(S)

≤ P − E(S)√
V ar(S)

)
= 0.95⇒

P

(
Z ≤ P − E(S)√

V ar(S)

)
= 0.95

ìpou h Z akoloujeÐ thn tupik  kanonik  katanom .

'Ara
P − E(S)√
V ar(S)

= 1.645⇒

P = E(S) + 1.645 ·
√
V ar(S).

Prokeimènou na upologÐsoume to P èqoume

E(S) = E(SA) + E(SW )

kai

E(SA) = E(NA) · E(XA) = 6 · 8 = 48

E(SW ) = E(NW ) · E(XW ) = 4 · 6 = 24

Sunep¸c

E(S) = E(SA) + E(SW ) = 72.
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Ennalaktik� èqoume ìti

E(S) = E[E(S|NA)] =

= E[8 ·NA + 6 · (10−NA)] =

= 60 + 2 · E[NA] = 72.

AntÐstoiqa gia th diaspor� èqoume

V ar(S) = V ar[E(S|NA)] + E[V ar(S|NA)] =

= V ar[8 ·NA + 6 · (10−NA)] + E[3 ·NA + 3 · (10−NA)] =

= 4 · V ar(NA) + 30 = 39.6

Sunep¸c

P = 72 + 1.645 ·
√

39.6 = 82.38

29. 'Askhsh

MÐa asfalistik  etaireÐa katab�llei gia th nosokomeiak  k�luyh k�je

asfalismènou pou eis�getai sto nosokomeÐo, apozhmi¸seic pou anti-

stoiqoÔn sto 100% twn qre¸sewn dwmatÐou kai sto 80% twn loip¸n

qre¸sewn. Oi qre¸seic tou nosokomeÐou dÐnontai ston parak�tw pÐna-

ka:

Qrèwsh Mèsh Tim  Tupik  Apìklish

DwmatÐou 1000 500

Loipèc 500 300

H sundiakÔmansh metaxÔ twn qre¸sewn dwmatÐou kai twn �llw qre¸-

sewn eÐnai Ðsh me 100.000. O arijmìc twn eisagwg¸n sto nosokomeÐo

akoloujeÐ thn katanom  Poisson me mèsh tim  4. Na upologisteÐ h

mèsh tim  kai h diaspor� twn sunolik¸n apozhmi¸sewn k�tw apì thn

upìjesh tou sullogikoÔ montèlou.
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LÔsh

Oi apozhmi¸seic, X, gia thn k�je eisagwg  sto nosokomeÐo ja eÐnai

Ðsec me to �jroisma twn apozhmi¸sewn gia tic qre¸seic dwmatÐou, XR,

sun tic loipèc qre¸seic, XO. Gia th mèsh tim  twn apozhmi¸sewn k�je

eisagwg c ja eÐnai

E[X] = E[XR] + E[XO] = 1.000 + 0.8 · 500 = 1.400

Gia th diaspor� twn apozhmi¸sewn k�je eisagwg c ja eÐnai

V ar[X] = V ar[XR] + V ar[XO] + 2 · Cov[XR, X0] =

= 5002 + 0.64 · 3002 + 2 · 0.8 · 100.000 = 467.600

Sunep¸c gia tic sunolikèc apozhmi¸seic ja eÐnai

E[S] = E[N ] · E[X] = 4 · 1.400 = 5.600

kai

V ar[S] = E[N ] · V ar[X] + V ar[N ] · E[X2] =

= 4 · 467.000 + 4 · 14002 = 9.710.400
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30. 'Askhsh

MÐa asfalistik  etaireÐa èqei qartoful�kio asfalismènwn ston kl�-

do autokin tou pou mporeÐ na diaqwristeÐ se treic omoiogeneÐc om�-

dec, ìson afor� ton arijmì atuqhm�twn. O arijmìc twn atuqhm�-

twn akoloujeÐ katanom  Poisson sÔmfwna me ton parak�tw pÐnaka:

Om�da Pijanìthta λ

1 0.25 5

2 0.25 3

3 0.50 2
Na upologisteÐ h diaspor� tou arijmoÔ twn atuqhm�twn gia èna tuqaÐa

epilegmèno asfalismèno.

LÔsh

'Estw K h tuqaÐa metablht  tou arijmoÔ twn atuqhm�twn k�je asfa-

lismènou. H katanom  thc K ja eÐnai mÐa diakrit  mÐxh twn antÐstoiqwn

katanom¸n Poisson me stajmÐseic tic pijanìthtec tou parap�nw pÐnaka.

Gia th diaspor� eÐnai gnwstì ìti èqoume

V ar[K] = E[V ar[K|λ]] + V aR[E[K|λ]] =

= E[λ] + V ar[λ].

All�

E[λ] = 0.25 · 5 + 0.25 · 3 + 0.5 · 2 = 3

kai

V ar[λ] = E[λ2]− E2[λ] =

= 0.25 · 25 + 0.25 · 9 + 0.5 · 4− 9 = 1.5

Sunep¸c

V ar[K] = E[λ] + V ar[λ] = 3 + 1.5 = 4.5
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31. 'Askhsh

DÐnetai gia ta Ôyh twn zhmi¸n ìti èqoun thn parak�tw katanom .

x P(X=x)

0 0.05

1 0.06

2 0.25

3 0.22

4 0.10

5 0.05

6 0.05

7 0.05

8 0.05

9 0.12

DÐnetai epÐshc ìti E[X] = 4 kai E[(X − d)+] = 2. Na upologisjeÐ to

d.

LÔsh

GnwrÐzoume ìti sthn perÐptwsh twn diakrit¸n katanom¸n, ìpou h tu-

qaÐa metablht  X paÐrnei isapèqousec timèc isqÔei

E[(X − d− 1)+] = E[(X − d)+]− 1 + F (d)

Sunep¸c ja èqoume

E[(X − 0)+] = E[X] = 4

kai

E[(X − 1)+] = E[(X − 0)+]− 1 + F (0) = 4− 1 + 0.05 = 3.05

E[(X − 2)+] = 3.05− 1 + 0.11 = 2.16

E[(X − 3)+] = 2.16− 1 + 0.36 = 1.52
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'Ara, 2 < d < 3, kai me th qr sh grammik c parembol c ja èqoume

y − y0

x− x0

=
y1 − y0

x1 − x0

E[(X − d)+]− E[(X − 2)+]

d− 2
=
E[(X − 3)+]− E[(X − 2)+]

3− 2

lÔnontac wc proc d kai antikajist¸ntac, èqoume

d = 2 +
2− 2.16

1.52− 2.16
= 2.25
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32. 'Askhsh

'Ena qartoful�kio par�gei zhmièc, to Ôyoc twn opoÐwn akoloujeÐ thn

kanonik  katanom  me µ = 100 kai σ2 = 9. H katanom  tou arijmoÔ

twn atuqhm�twn dÐnetai ston parak�tw pÐnaka.

n Pr(N=n)

0 0.50

1 0.20

2 0.20

3 0.10

Na upologisteÐ h pijanìthta ìti to sunolikì Ôyoc zhmi¸n ja xepern�

tic 100 nomismatikèc mon�dec.

LÔsh

'Eqoume gia thn S ìti

P (S > 100) =
3∑

n=0

Pr(N = n) · Pr(X∗n > 100) =

= 0.5 ·0+0.2 ·Pr(X > 100)+0.2 ·Pr(X∗2 > 100)+0.1 ·Pr(X∗3 > 100).

All�

X ∼ Normal(100, 9)⇒

X∗2 ∼ Normal(200, 18)⇒

X∗3 ∼ Normal(300, 27).

Sunep¸c

P (S > 100) = 0.2 · Pr(Z >
100− 100

3
)

+0.2 · Pr(Z >
100− 200√

18
)

+0.1 · Pr(Z >
100− 300√

27
) =
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= 0.2 · 0.5 + 0.2 · 1 + 0.10 · 1 = 0.40
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33. 'Askhsh

'Ena qartoful�kio par�gei zhmièc, to sunolikì Ôyoc twn opoÐwn èqei

sun�rthsh puknìthtac pijanìthtac

fS(x) = 3 · x−4, x ≥ 1.

Oi timèc twn λ kai θ epilègontai ètsi ¸ste na isqÔei

Pr[S ≤ (1 + θ) · E(S)] = Pr[S ≤ E(S) + λ ·
√
var(S)] = 0.90

Na upologistoÔn oi timèc twn λ kai θ.

LÔsh

'Eqoume gia thn S ìti

E(S) =

∫ ∞
1

x · 3 · x−4dx =
3

2

E(S2) =

∫ ∞
1

x2 · 3 · x−4dx = 3

V ar(S) = 3−
(

3

2

)2

=
3

4
.

Sunep¸c

Pr[S ≤ (1 + θ) · E(S)] =

=

∫ (1+θ) 3
2

1

3 · x−4dx =

= 1− [1.5(1 + θ)]−3

All�

Pr[S ≤ (1 + θ) · E(S)] = 0.90
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sunep¸c θ = 0.43629. EpÐshc

Pr[S ≤ E(S) + λ ·
√
var(S)] =

=

∫ 1.5+λ 3
4

1

3 · x−4dx =

= 1−

[
1.5 + λ

√
3

4

]−3

All�

Pr[S ≤ E(S) + λ ·
√
var(S)] = 0.90

sunep¸c λ = 0.75568.

34. 'Askhsh

Gewmetrik  - Omoiìmorfh

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna

ètoc kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN .

JewroÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia ka-

tanemhmènec suneqeÐc tuqaÐec metablhtèc. Gia thn tuqaÐa metablht  N

dÐnetai ìti akoloujeÐ thn Gewmetrik  katanom  kai

Pn = P (N = n) = p · qn, n = 0, 1, 2, · · ·

EpÐshc dÐnetai ìti Xi akoloujoÔn omoiìmorfh katanom  sto [0, 1]. Na

upologisteÐ h anamenìmenh sunolik  zhmi� kai h diakÔmans  thc.

LÔsh
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'Estw h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

DÐnetai ìti

N ∼ Geometric(p)

kai ìti

X ∼ Uniform(0, 1).

Gia th mèsh tim  thc S ja eÐnai

E [S] = E [N ] · E [X] =

=
q

p
· 1

2
=

=
q

2p
.

AntÐstoiqa gia th diaspor� ja èqoume

V ar [S] = V ar [X] · E [N ] + E2 [X] · V ar [N ] =

=
1

12

q

p
+

1

4

q

p2
.
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35. 'Askhsh

Arnhtik  Diwnumik  - Ekjetik 

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna

ètoc kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN .

JewroÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia ka-

tanemhmènec suneqeÐc tuqaÐec metablhtèc. Gia thn tuqaÐa metablht  N

dÐnetai ìti

P (N = n) =
(n+ 2)(n+ 1)

2

(
1

2

)n+3

EpÐshc dÐnetai ìti Xi akoloujoÔn thn ekjetik  katanom  me

f(x) = e−x.

Na upologisteÐ ropogenn tria thc S.

LÔsh

'Estw h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

DÐnetai ìti

P (N = n) =
(n+ 2)(n+ 1)

2

(
1

2

)n+3

An h

N ∼ NegativeBinomial(r, p)

ja eÐnai

P (N = n) =

(
r + n− 1

n

)
· pr · qn, n = 0, 1, · · ·
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Gia r = 3, p = 1
2
èqoume

P (N = n) =

(
n+ 2

n

)(
1

2

)n+3

=

=
(n+ 2)!

n! · 2!

(
1

2

)n+3

=

=
(n+ 1)(n+ 2)

2

(
1

2

)n+3

�ra

N ∼ NegativeBinomial(r = 3, p =
1

2
)

kai

PN(t) =

(
p

1− qt

)r
⇒

PN(t) =

(
1

2− t

)3

⇒

MS(t) = PN (MX(t)) =

(
1

2−MX(t)

)3

=

=

(
1

2− 1
1−t

)3

⇒

MS(t) =

(
1− t
1− 2t

)3



47

36. 'Askhsh

Sun�rthsh Katanom c TuqaÐou 'AjroÐsmatoc Ekjetik¸n Tu-

qaÐwn Metablht¸n

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna

ètoc kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN .

JewroÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia ka-

tanemhmènec suneqeÐc tuqaÐec metablhtèc gia tic opoÐec dÐnetai ìti Xi

akoloujoÔn thn ekjetik  katanom  me par�metro l. Na upologisteÐ h

sun�rthsh katanom c thc S.

LÔsh

'Estw

GS(x) = P (S ≤ x).

GnwrÐzoume ìti

GS(x) =
∞∑
n=0

PnF
∗n(x)

ìpou

F ∗n(x) = P (X1 +X2 + · · ·+Xn ≤ x)

All� ìtan oi

Xi ∼ Exponential(λ)⇒

Y = X1 +X2 + · · ·+Xn ∼ Gamma(n, λ)⇒

fY (x) =
λn

Γ(n)
· xn−1 · e−λx ⇒

fY (x) = f ∗nX (x) =
λn

(n− 1)!
· xn−1 · e−λx.
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Sunep¸c

1− F ∗n(x) = P (X1 +X2 + · · ·+Xn ≥ x) =

=

∫ ∞
x

f ∗nX (y)dy =

=

∫ ∞
x

fY (y)dy =

=

∫ ∞
x

λn

(n− 1)!
· yn−1 · e−λydy =

= −1

λ

∫ ∞
x

λn

(n− 1)!
· yn−1 ·

(
e−λy

)′
dy =

= −λn−1

{[
yn−1e−λy

(n− 1)!

]∞
x

−
∫ ∞
x

yn−2e−λy

(n− 2)!
dy

}
=

=
λn−1xn−1e−λx

(n− 1)!
+

∫ ∞
x

λn−1yn−2e−λy

(n− 2)!
dy ⇒

1− F ∗n(x) =
λn−1xn−1e−λx

(n− 1)!
+ 1− F ∗(n−1)(x)⇒

F ∗n(x) = F ∗(n−1)(x)− λn−1xn−1e−λx

(n− 1)!
, n ≥ 1.

'Ara ja eÐnai gia k�je perÐptwsh

n = 1⇒ F ∗1(x) = F ∗(0)(x)− e−λx (λx)0

0!

n = 2⇒ F ∗2(x) = F ∗(1)(x)− e−λx (λx)1

1!

n = 3⇒ F ∗3(x) = F ∗(2)(x)− e−λx (λx)2

2!
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n = n− 1⇒ F ∗n−1(x) = F ∗(n−2)(x)− e−λx (λx)n−2

(n− 2)!

n = n⇒ F ∗n(x) = F ∗(n−1)(x)− e−λx (λx)n−1

(n− 1)!

Sunep¸c

F ∗n(x) = F ∗(n−1)(x)− e−λx (λx)n−1

(n− 1)!
=

= F ∗(n−2)(x)− e−λx (λx)n−2

(n− 2)!
− e−λx (λx)n−1

(n− 1)!
=

= F ∗(0)(x)− e−λx
n−1∑
i=0

(λx)i

i!
=

= 1− e−λx
n−1∑
i=0

(λx)i

i!

sunep¸c antikajist¸ntac èqoume thn antÐstoiqh èkfrash gia thn GS(x)

GS(x) =
∞∑
n=0

PnF
∗n(x), x > 0.
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37. 'Askhsh

Par�deigma Sun�rthshc Katanom c TuqaÐou 'AjroÐsmatoc Ek-

jetik¸n TuqaÐwn Metablht¸n

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna

ètoc kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN .

JewroÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia ka-

tanemhmènec suneqeÐc tuqaÐec metablhtèc gia tic opoÐec dÐnetai ìti Xi

akoloujoÔn thn ekjetik  katanom  me par�metro λ = 1. EpÐshc dÐnetai

ìti

P (N = 0) = P (N = 1) = P (N = 2) =
1

3

Na upologisteÐ h sun�rthsh katanom c thc S.

LÔsh

'Estw

GS(x) = P (S ≤ x).

GnwrÐzoume ìti

GS(x) =
∞∑
n=0

PnF
∗n(x)

=
2∑

n=0

PnF
∗n(x)

=
2∑

n=0

1

3

[
1− e−x

n−1∑
i=0

xi

i!

]

= 1− e−x
2∑

n=1

1

3

n−1∑
i=0

xi

i!
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= 1− e−x
[

1

3
[1] +

1

3
[1 + x]

]
= 1− 1

3
e−x [x+ 2] , x > 0.
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38. 'Askhsh

Poisson - Bernoulli

'Estw to montèlo sullogikoÔ kindÔnou kai h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN

ìpou h tuqaÐa metablht  N dhl¸nei ton arijmì atuqhm�twn se èna

ètoc kai eÐnai anex�rthth apì tic tuqaÐec metablhtèc X1, X2, · · ·XN .

JewroÔme epÐshc ìti oi X1, X2, · · ·XN eÐnai anex�rthtec kai ìmoia ka-

tanemhmènec suneqeÐc tuqaÐec metablhtèc. Gia thn tuqaÐa metablht  N

dÐnetai ìti N ∼ Poisson(λ) kai gia tic Xi dÐnetai ìti Xi ∼ Bernoulli(p)

Na upologisteÐ h katanom  thc S.

LÔsh

'Estw h tuqaÐa metablht 

S = X1 +X2 + · · ·+XN .

Gia thn pijanogenn tria thc S èqoume ìti

PS(t) = PN (PX(t))⇒

PS(t) = eλ·(PX(t)−1).

All�

PX(t) = E[tX ] =
∑
x

txP (X = x) = q + p · t

Sunep¸c

PS(t) = eλ·(q+p·t−1) =

= eλ·(p·t−p)

= eλp(t−1) ⇒

S ∼ Poisson(λ · p).
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